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ABSTRACT

Sequences of the form (P(n) f(Q(n));=,, P and Q polynomials, f a “highly dif-
ferentiable” periodic function, are considered. The results of [3] concerning the
recurrence of this sequence to its value for n = 0 are given a quantitative form.
Deunsity and uniform distribution modulo [ are studied for special Q’s.

1. Introduction

It is well-known that, given a polynomial P having at least one irrational coef-
ficient (except for the free term), the sequence (P(n))>, is uniformly distributed
modulo 1 (henceforward —u.d.). In particular, the sequence attains values which
are arbitrarily close to P(0) modulo 1. Moreover, denoting by | | the distance of
a real number 7 from the nearest integer, there exists a constant p > 0, depending
only on the degree of P, such that | P(n) — P(0)| < 1/n* for infinitely many pos-
itive integers n (see [2, Th. 4.5, Th. 5.2]). For results ensuring simultaneous recur-
rence of several polynomials see [1, Th. 1] and [6].

A few results are also known for more general functions (cf. {7]). However,
some monotonocity assumptions are usually made, and less is known for “oscil-
lating” functions. LeVeque [8] showed that for any increasing sequence of integers
(a,)-, the sequence (a,cosa,a)n-,) is u.d. for almost every « (in the sense of
the Lebesgue measure). It is impossible, though, to use his technique to show that
this sequence, even in a special case such as, say, a, = n, is u.d. for some specific
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«. Furstenberg and Weiss [6], dealing with the question of small values, noticed
that for almost every « the set of positive integer solutions #n of

(1.1 [ncosna| <e

contains arbitrarily large “holes” if € < 1/2 (in contrast with the case of polyno-
mials). They asked whether (1.1) has a solution for every « and e > 0.

The last question was answered affirmatively in [3]. More generally, it was
proved there that, given real polynomials P and Q and a periodic function f which
is sufficiently many times differentiable at Q(0), the inequality

(1.2) IP(n)f(Q(n)) = P(O)S(QO))] <e

has a positive integer solution # for any e > 0.

Our object of study in this paper is sequences of the form (P(n)f(Q(n)))e,,
P and Q polynomials and f periodic. In Section 2 we improve [3, Th. 2.1], showing
that the inequality obtained from (1.2) after replacing its right hand side by 1/n”
still has infinitely many solutions for a certain p > 0, depending only on the degrees
of P and Q (we pay for this improvement, though, by requiring f to be slightly
more differentiable).

In between the questions of small values and of uniform distribution modulo1
lies the question of density modulo 1. Few classes of sequences are known to be
dense modulo 1 without being already u.d. (for an example see [5, Th. IV.1]). In
Section 3 we study density modulo 1 for our sequences. The result we obtain is re-
stricted to the case of Q being a monomial, but requires only a minor extra con-
dition on f in addition to what we assume in Section 2 for the small values result
(in particular, the assumptions on f still relate only to its behaviour near Q(0)).

Section 4 deals with uniform distribution. Here we assume that Q is linear. Un-
der rather mild (but of course global) assumptions on f we are able to show that
our sequence is u.d. Our method also provides some bounds on the discrepancy.
It is worthwhile to mention that, since our functions are oscillating, the estimation
of the arising exponential sums cannot be accomplished in a straightforward fash-
ion employing the methods of van der Corput, Vinogradov or Bombieri-Iwanie¢.
The main part of our argument is devoted to developing a way of estimating such
sums.

2. Small values

Throughout the paper, P will denote a real polynomial of degree d and f a pe-
riodic function of period 7. Our main result in this section is
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THEOREM 2.1. Let Q(x) = ¢y + ;X + -+ ¢, x°. Suppose (), is a se-
quence of integers such that

leni|l <l/mi, 1=j<I 1<k (r>0).
If fis more than d/7 times differentiable at Q(0), then there exists a p > Q such
that the inequality
2.1 I P(m) S(Q(m) — PO)S(QO)| < 1/n*
has infinitely many positive integer solutions n.
REMARK 2.1. Going over the proof, it is easy to verify that, if f is only assumed

to be d/7 times differentiable at Q(0), then, replacing the right hand side of (2.1)
by any e > 0, we still have infinitely many solutions for the resulting inequality.

The theorem, combined with [1, Th. 2], also yields

THEOREM 2.2.  Given non-negative integers d and e, there exist (effective) num-
bers s = s(d,e) and p = p(d,e) > 0 possessing the following property: For any
polynomials P and Q of degrees d and e, respectively, and periodic function f
which is s times differentiable at Q(0), (2.1) has infinitely many solutions.

For t € R, denote by {¢} the number in [—1/2,1/2) such that ¢t — [t} € Z.

Proor oF THEOREM 2.1.  We may assume, without loss of generality, that T=1
and ¢, = 0. Set s = [d/7] + 1, and write f(x) = 32 a;x + O(x*) for appropri-
ate constants a;, 0 < i < s. If (h;)7=, is any sequence of integers satisfying
A, = o(n}), then for every sufficiently large & we have

P(hen) f(Q(heni)) = P (i) S Q (hen)})
=P(hn) f(S!_, Bi{c;nt))
=P(hem) - (8520 @ By B enl ) + O They hifenl))*))
= P(0)f(Q(0)) + R(hy) + P(hyny) -O(hE/nf),

2.2)

where R is a polynomial of degree d + e(s — 1) without free term whose coeffi-
cients are themselves polynomials in s, and the {cjni} ’s.

We want to define (/,) in such a way that the last two terms on the right hand
side of (2.2) will be as small as possible. Let (S;)7., be a sequence of non-nega-
tive integers, to be determined subsequently. According to [2, Th. 4.5, Th. 5.2]
there exists an effective 8 > 0, depending only on d + e(s — 1), such that for each
k we can find an h, with 1 < i, < S, satisfying

2.3) | R(| < 1/8¢.
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For the last term on the right hand side of (2.2) we then have
2.4 P(heng) -O(hE/n) = S0 (n{ ™).
Combining (2.2), (2.3) and (2.4) we obtain
2.5 |Pn) S(QUen)) = PO)S(QUOD] < 1/S{ + S{F-0(nf™™).
Denote v = (75 — d)/(d + es + 3) > 0. Choosing S; = [n]] we get
| P () F(Q(Rieny)) = PO)F(QON)] < 1/8F < 1/ (Seny)®r/ r+D)
< 1/ (hgn )P/t

This proves the theorem.

Remark 2.2. If f has more than [d/7] + 1 derivatives at Q(0), then in the
proof we have several choices concerning the s for which we use the representation
f(x) = 2523 a;x' + O(x®). Enlarging s results in a larger second term and a
smaller third term on the right hand side of (2.2). With the results currently avail-
able on small values of polynomials, the bound on the second term increases quite
rapidly with the degree of R (or, equivalently, with s), so enlarging s does not seem
to be worthwhile; the situation may change if this bound is decreased.

Exampik 2.1. Consider the sequence (#f(na)),-,. Making no special assump-
tion on the approximation properties of «, we can use Theorem 2.1 with 7 = 1. To
employ the theorem, we need f to be twice differentiable at 0. With the notations
in the proof, we have 8 = 1/2 — ¢, for arbitrary ¢; > 0 [9]. Theny = 1/(7/2 —¢,),
and therefore p = (1/2 — €,)/(9/2 — ¢;) — ¢, for arbitrary ¢, > 0, namely p =
1/9 — € for arbitrary e > 0. Thus, if f is twice differentiable at 0, then the inequality
| nf(na)| < 1/n"°~¢ has infinitely many solutions » for any € > 0. In particular,
this is the case with the inequalities |nB8cosna| < 1/r'?7¢ and |nBsinnal <
1/n'°7¢. We shall now see that in these special cases we can make some
improvements.

ProposiTiON 2.1.  For any real numbers « and 3, each of the following inequal-
ities has infinitely many solutions n:

(i) |nBcosnal| < C/n'? (C > 0 a certain absolute constant).

(i) | nBsinna] < 1/n*37¢ (¢ > 0 arbitrary).

Proor. Follow the proof of Theorem 2.1. In (i) we take s = 2 and gain from
the fact that cos’(0) = 0, which makes R linear. Thus, instead of (2.5) we have

llhknkﬁcoshknkau < I/Sk + S;%O(l/nk),
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and selecting S; = [n}*] we obtain the required result. For (ii) we pick s = 3 and
notice that, since sin”(0) = 0, the polynomial R is quadratic only. It follows that

| heneBsinhgna|| < 1/8)274 + SE-O(1/n3)
for arbitrary €, > 0. Proceeding as in the proof of Theorem 2.1, we arrive at (ii).

For 8 =1 (actually, for any rational 8) one can do much better.

ProposITION 2.2.  There exists a constant C such that, for any real «, each of
the following inequalities has infinitely many solutions:

(i) |ncosna| < C/n.

() |nsinna| < C/n.

PrOOF. Write o = 27a;.
(i) If |na,| < 1/n then

|ncosna| = |n — ncosna| < 2nsin’® nwa,
=2nsin® w{no,} < 2nwi{ne, )2 < 27¥/n.
(i) If &, is rational, then our claim is trivial. Otherwise, there exist infinitely
many #n’s satisfying | nay — 1/4| < 1/n (cf. [4]), and for each such n
|nsinna| = |ncos2w{na, — 1/4)| < 2nsin’ x{na;, — 1/4} < 27%/n.
This proves the proposition.

The proposition provides the best possible result, at least as far as the power of
n on the right hand side of the inequality goes. For example, we have

ProrosITION 2.3.  For almost every real number o (with respect to the Lebes-
gue measure) the inequality:

(i) |ncosna| < 1/(nlog?n) has infinitely many solutions n,

(i) |ncosna| < 1/(nlog***n) has only finitely many solutions for any ¢ > 0.

Proor. It suffices to consider «’s in [0,27).

(iy For almost every « there are infinitely many »’s such that |n(a/27)| <
1/(2w%nlogn) (cf. [10]), and for these n’s the inequality in question holds.

(i) Denote by u the Lebesgue measure. It is easy to check that

p({a € [0,27): |ncosna| < 1/nlog**<n)}) <= C/(nlog' % n)

for some constant C. Consequently
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i p(la € [0,27): |ncosna| < 1/(nlog?*¢n)}) < oo,

n=1

and the Borel-Cantelli lemma yields the desired conclusion.

3. Density
In this section we prove

THEOREM 3.1. Let P be non-constant, e a positive integer, o a real number with
a/T irrational and (n,) a sequence of integers satisfying

3.1) |né(a/T)| = o(1/n) (7> 0).

If £©N0) exists and is non-zero for some s = d/7, then the sequence (P(n)f(n‘o/
)., is dense modulo 1.

Similarly to the preceding section, this implies

THEOREM 3.2. Given positive integers d and e, there exists an (effective)
r = r(d,e) having the following property: For any P of degree d, f with
F9(0) # 0 for some s = r and real number o with o/T irrational, the sequence
(P(n)f(n°a/T);-, is dense modulo 1.

Another straightforward consequence is

COROLLARY 3.1. If P is non-constant, f analytic and non-constant and o/ T ir-
rational, then (P(n)f(na/T))p-, is dense modulo 1.

ProoF oF THEOREM 3.1. We may again assume that 7 = 1. Write f(x) =
ioa;x' + o(x®) for suitable a;’s. If (h;)7-, is a sequence of integers satisfying

hi = o(|nfa] "),
then, similarly to (2.2),
(3.2) P(hen) f((hen)¥a) = R(h) + P(hyeng) -0 (hE | nia]®)

for every sufficiently large k, R being a polynomial of degree d + es whose coef-
ficients are themselves polynomials in ny and {n%a}. We may assume P to be
monic, so that the leading coefficient of R is a;nf{na}*. Now by (3.1)

(3.3) lasni{nia | = o(ni™™) = o(1).

The numbers a,nf{na ), k = 1, are non-zero. Replacing (n;) by a subsequence
thereof, we may assume all of them to be of the same sign, say positive. Pick an
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arbitrary irrational § > 0. For an arbitrary fixed positive integer %, define the se-
quence (k) by h, = hr,, where

(3.4) e = [(80/ (asnf (g o)) V(e

It is readily verified that (3.2) is satisfied. For the second term on the right hand
side of (3.3) we have

P(heng)-o(hE | nfa)®) < (hem ) -o(hE | ngal®) = o(1).

Now write R(h,) = R, (h) where R, is a polynomial of degree d + es whose coef-
ficients are polynomials in ry, n, and {nia }. In view of (3.4), ry 2 . The lead-
ing coefficient of R, namely a,rf**n¢{n{«}*, converges therefore to 6 as k — .
Passing to subsequences, we may assume all other coefficients of R| to converge

modulo 1 as kK —» oo. Consequently
P(hring) f((hryng)o) =2 Ry (h) (mod. 1),

R, being a polynomial of degree d + es whose leading coefficient is irrational.
Thus {R,(h): h € N} is dense modulo 1, and thereby the theorem is proved.

ExaMpLE 3.1. Suppose T = 1. If £9(0) exists and is non-zero for some 5 = 2,
then the sequence (nf(na)), is dense modulo 1 for any irrational «. Restricting
« to the set of non-badly approximable numbers, it suffices to assume the above
for some s = 1 to reach the same conclusion.

ExAMPLE 3.2. The sequence (n8cosna);-; is dense modulo 1 unless « and 3
satisfy one of the following conditions:

(i B=0.

(i) « is a multiple of x/2 and S rational.

(iii) « is a multiple of #/3 and 3 rational.

Obviously, in each of these three cases the sequence is finite modulo 1. Assume
now that 8 # 0 and write o« = 2w, . If «; is irrational then our sequence is dense
modulo 1 by Theorem 3.1. Suppose therefore that o = p/g with (p,q) = 1. If cos &
is irrational then our sequence is clearly dense modulo 1. Thus we may assume that
cos o is rational, and therefore e’ is an algebraic number of degree not exceeding
2 over Q. Now e™ is also a primitive root of unity of order g, so that ¢(q) < 2,
¢ being the Euler totient function. This implies that ¢ is one of the numbers
1,2,3,4,6. Going over the finitely many possibilities we obtain our claim.
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4. Uniform distribution and discrepancy
Our basic result in this section is

THEOREM 4.1. Let P be non-constant. Assume that the set F of points of

[0, T), at which either f is not 2d + 1 times continuously differentiable or f/
vanishes for some 1 < j < 2d, is finite and that % is bounded. Suppose that

/T is irrational. Then the sequence (P(n)f(na/T)),-, is u.d.

REMARK 4.1. It is easy to see that the conclusion of the theorem still holds if
the set F'is infinite but “sufficiently small”, for example, if it has only finitely many
accumulation points; also, the requirement that f?% be bounded is superfluous.
The extra assumptions were introduced with an eye towards Theorem 4.2.

To state our second result we need

DEerINITION 4.1.  The discrepancy of x,,x,, ..., xv € [—1/2,1/2) is
1 N
D((xi)i[il) == sup ]T/ ZX{(XI') = ||,
i=1

the supremum being taken over all intervals I = [a,b) € [—1/2,1/2) and x,
denoting the characteristic function of 1.

THeOREM 4.2. Let P, f, F and « be as in Theorem 4.1. Put

a(y) = min  min |fY(x),
1<j<2d xip{x,Fizy

where p(x,F) is the distance from x to F. For any N, let b(N) = b(«, N) denote
the largest integer = N* with |b(N)a/T| = N7%, p = (2d + 3)/(4d + 4). As-
sume that e (N) is a decreasing function vanishing at infinity and satisfying the fol-
lowing conditions for sufficiently large N:

(1) 6(N)16-8d+8da(E(N))80d+64 > 1/N.

) (N a(e(N)? = 1/b(N).

(3) Ne(N) is increasing.
Then D(N) = D{(({P(n)f(no/TA_,) < e (N)log?e(N), where the implied con-
stant depends only on P and f.

We shall first prove Theorem 4.1. The proof will be carried out in such a way
that it will contain all the ingredients required for the proof of Theorem 4.2.

Throughout this section j is a positive integer and J = 2/. The following lemma
is a version of van der Corput’s estimate. For j = 2 it appears here in its usual form
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(cf. [11, Th. 5.13]) and for general j can be easily proved by induction. Denote
e(x) = e’™. In Lemmas 4.1-4.3 we take X = X, — X.

LemMa 4.1, Let g € C/[X,,X,], and suppose that 0 < \; < g (x) < \;.
Then

3 e(g(0) | K XNV 414 X1 X (XA,

X1=x=X>

the implied constants depending only on j.
The following lemma is used instead of the preceding one in case A, is “small”.
LemMa 4.2. Let g € C*[X,,X,]. Suppose that 0 < \; < g”(x) < C\, and
maxlsiszng/(Xi)” > CXN\,. Then

S=| 2 e(gx)

Xi=x=sX>

< XVA + 1L+ min{ X, 1/V0, 1/ g (X)) + 1/] 2" (X))},

where the implied constant depends only on C.

Proofr. For XA, > 1 this follows from the case j = 2 of Lemma 4.1. If
X\, <« 1, then, employing the Poisson summation formula, we get

X2
S« >, f e{g{x) —Ixydx + L.

gUX D —I=l=g (X2)+1 Y X

Since g’ (X,) — g'(X,) = g” (§) X < 1, the last sum consists of O(1) terms. Now,
for any / the function g’(x) — / retains its sign over the interval [ X, X,], as
otherwise we would have

g (X)) <I<g(Xy) =g (X)) +g"(§)X,

which implies max, ;.| g’ (X)) < CX'\,, contradicting the assumptions of the
lemma. The integral mean-value theorem now yields for each /

1
2T

_1 /
J,, g

X2
f e(g(x) — Ix)dx
X

< L + 1 .
lg" (X)) g’ (X))

This proves the lemma.

LemMma 4.3. Let g € C/[ X\, X,] and S = | 2 x,<v=x,€(&(x))|. Then, for any

g= XZ/J
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2 172

@ q q
STl + XY+ (X' S Y Y

hy=1 hp=1 hi=1

> e(g(x)],

X|sxsXp—hy—---—h;

where

1 1
g (x) =h1-~h,~f f g x+ th + - + R d- - d.
Q 4]

In fact, for j = 1 this is the well-known Weyl-van der Corput inequality, and the
general case follows by induction.

LEmMA 4.4. Let g(x) = 26, Apxx + L1, B;x ™% with Ay, ay, B, 8, > 0.
Then, for B= A > 0,

K L K L
min g(x) € 3, AcA% 4+ 3 BB F 4+ 3 S (ARBse ) (wkbo,
B k=1 I=1

A=x= k=1 =1
where the implied constant depends on the «,’s and $,’s only.

For K = L =1 the inequality is routinely proved, and we again continue by

induction.

LeMMA 4.5, Let fand a(y) be as in Theorem 4.2 and

d .
— J+k 1 i Gitk)
&(r) _,é( ; ) a-n '’ (X0 + 1/q),

k=0,1 (1z€¢>0,j=d).
Then the number of integral solutions r € [0, q) of the system
lgi(r)| < a(8)(1 + 19)e?489/67!, k=0,1
Is<< qb + 1, the implied constant depending only on f and j.

Proor. Use induction on d. For d = 0, our system may be written as
| fYUHR(xo + 1/q)| < a(6)/6, k=0,1.

For any such r we have p(x, + r/q,F) < é, and the number of r’s satisfying the
latter inequality is clearly « g6 + 1.

Now consider a general d = 1, and assume the lemma to be valid for d — 1. The
number of those solutions of our system, satisfying in addition the inequality

lgs(r)| = a(d)(1 + 19)e>969/ (69 ¢6),
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is « gé + 1. For the remaining r’s we have

d 3
Z (J ) (d—l)"— f’:f(j'H#“(Xo + r/q) l =a(é)(1 + Id)(sd_IEZd/6d+l.
S\ — !

Using also the original inequality for g, (r) we get

d j+l>~(j)__1‘”,ﬂ_“
§[<, )@ T ket

< 2a(8)(1 + 196 1e2/67H,

which, after simplification, takes the form

4.1)

d—1 ;
2 (J. ) S - LY (Xo+ 1/g) } <2a(8)(1+19)8% e/ (67 1).
i=0 ) (d_ 1 —‘l)!

Combined with our inequality for go(r), multiplied by 4, this yields

< (d+2/t)a(8)(1 + t)67 1e2d/69+

d (j i N
E( >ml'f“‘”(xo+f/lﬁ

i=0 \!

which can be transformed to

3 /-1 I p(—1—i
§) i )a-1—ayr "’(xo+r/q)(

= (d 4+ 2/0a(8) (1 + 19)69 12/ 64+ 1 jp).

Taken together with (4.1), this gives

d—1 ;o » )
2 (j i k) TR ﬂu*lwk)””r@!
i=0 - - N

< a(6)(1 + 19129259 1/69, k=0,1.

Using the induction hypothesis, this completes the proof.

ProoF oF THEOREM 4.1. Without loss of generality (both here and in the proof
of Theorem 4.2) we may assume that P is monic and 7 = 1. For an arbitrary fixed
positive integer /, put

%)
Il

> e(P(n)f(na))|.

N/2<ns=N
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In view of Weyl’s criterion for equidistribution we just have to show that S =
0(N).

Let €9 > 0 be arbitrary. Put ¢, = egda(eo)d and e, = a(¢y), where a(y) is as in
Theorem 4.2. Let N be an integer satisfying

() /N« 1—8d61166264d+64’

(ii) I/b(N) < ¢y,
where the implied constants depend only on P and f. We can then write

a=plg+0/(gN°)=p/q+1/Q  (I/b(N)=<q=N*(p,q) =1[6] <1).

Assume for the sake of convenience that Q > 0. Write P(x) = X%, b,x?~". Let us
distingunish between two cases:

Case I: Q = cN/e,, where ¢ = 49 max,<j<ya5up,| [ (X)) 2L, | byl
For a typical n € (N/2,N] write n = mg + k with 0 < k < g, and define r by
r= kp (mod. ¢) and 0 < r < q. Since

no = np/q + n/Q = kp/qg + n/Q = r/g + n/Q (mod. 1),
we have

IP(n) f(no) = IP(n)f(r/g + n/Q).

For a fixed k, denote the right hand side of this formula by g (/). The number of
k’s for which p(r/q, F) < ¢y is € ¢yq. For any other &

Y, o
{ﬁ f(r/g + n/Q) ‘ = [(g/Q) fP(r/q + n/Q)|
> (1 —4 %, (g/Q), 1=<j<2d.

Denote by 2% summation over all such k’s. If d < j < 2d + 1, then

d

Iq7y) (Jz )Pw(n)f‘f'-“(r/q +n/Q)Q > elg' Q"

=0

4.2) |gW(m)| =

and
4.3) lg V' (m)| < lg’Q7.

. . 5.44
Let u = 1 be the least integer with lg9"*/Q" < 3 = ¢Z * €4.

If e3¢ ?lg?* Q" = (q/N)*~%", then, applying Lemma 4.1 with j = d + u, we
obtain
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S = | X Zmelg(m)
< Neg + Xk | Dme(g(m))]
(4.4) < Neo + 25 [(N/g) (Ig9H" Q) VU= 11 + (N/g)' =%/
+ (N/g)((Q*/1g“*¥e3) (q/NY* =37 )]
<& Neg.

Suppose therefore that e;eg’2lg?t*/Q% < (g/N)*~¥7. If j > 2, then, employing
Lemma 4.3 with j, =j — 2, J, =2/ and g, = ¢; %, we get

S & (Neo)' + (Z5 | Zaryamenne(g(m))”
= (1\/50)jI + qJ1~IZ: |ZM1<mste(g(m))|Jl
< (Neo)' + g ' E5 [1 + (N/gg,)

+ (Nag ) S8, 30 S e (e (m)]],

(4.5)

where
1 1 )
gl(m) :Hf "‘f g(“)(m+t1/’l1 +---+ tjlhjl)dtjl"'dtl’
0 0

H:hth"'hjl-

Obviously, (4.5) holds also if j = 2. Our present aim is to apply Lemma 4.2 to the
sum over /m on the right hand side of (4.5). To this end we need to perform some

preliminary calculations.
1 1 »
Ay ~ gl (m) = Hf . f g(J)(m +tih +---+ ’flhfl)dtjl .- dty.
0 0

In view of (4.2) and (4.3)
€ < N/ (HIg' Q% 7y « 1.

Also
1 1 )
g{(m)sz "'f g(‘/_l)(m"'t]hl+"‘+[jlhjl)dtj]“'dll.
0 0
For fixed A, h,, . .. ,hj, and M we now want to estimate the number of k’s satis-

fying | g/ (M)| < &, where 6 > Hlg’Q~%-N/q is a parameter to be determined
later. According to (4.2), this is equivalent to
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lgi (M) = ”H<j;,1>d!lqj_’f‘"*”(r/q)Q"“ + O(HIg''NQ™) < §,

whence also to

(4.6) H H(j ; l)d!lq"’f‘“‘”(r/q)Q““ < 8.

Denote by 2;7* summation over all k’s for which (4.6) holds. Put

. i — 1 .
A= <J ) )Q““Hd!lq/“.

Employing a well-known result of Vinogradov (cf. [2, Lemma 2.1]) we obtain

S 1< min {qA + >;min{A,1/(Av?))
Az§ v

> e(wAf“ Y (r/g)) }} .

r

Dividing the interval [0,1] into subintervals over which £ (i =0,1,...,2d + 1)
are monotone, we take r such that r/g lies in one of them.

Since /[Hg?*~® < Q* 'e5, we can find the smallest integer j, < d + 2 — u satis-
fying [Hq@“~'3Q!"“ < ¢,. Applying Lemma 4.1 with j = j, to the last sum over
r and later Lemma 4.4 to select an optimal A, we get

2 l<mings;{gA + X,min{A,1/Av?} [g(ve)! V272 + g1 7224 g (ques) 22
4.7) <minassigA + qe3/A) V2D 4 g1 22 4 g(A/ge;)¥2)
Lgd+q' 2 4 gel? + q(8/geq) .

Using Lemma 4.2, and taking into account (4.4) and (4.5), we arrive at

(4.8) S/ &« (Neg)' + (N/N@)' + (N/g)' ™" 3, (28 N/g + q/8).
hlyo.ohy

i1
Using (4.7)-(4.8), and Lemma 4.4, applied this time to the parameter 8, we obtain
ST < (Neo) + (N/@Y' ™ Sy, oy (N8 + N(5/ges)>2
+ q/8 + NeiVt + Ng =232y
<« (Neg)!t + N1 [Vg/N + (Ne3)™ V24D 4 eg/g/N + (egesN) 2]
& (Neg).

Case II: Q < cN/e,.
In this case ¢ < cN/e,. Set e, = ¢3%3%*" and H = ¢7¢,Q. Then
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Ssi > >, e(P(n+ h)f(na + ha)) | + Neg.
n=<N H

H<h=<2

Write # = mq + k with 0 < k < g (and m ~ H/g). Similarly to the former case,
for fixed k and n we denote

g(m) =IP(n+ h)f(na + ha) = IP(n + h)f(na + r/qg + h/Q),

and obtain
gV (m) =lg’ 37, (jz ) PO(n+ h)fY=(na + r/g + h/Q)Q",
(4.9) d=j=<22d+1,
and
1
4.10) S « Ney + EZ Ze(g(m))l.
nk m

If Q <« Ngeg, then the dominating term in (4.9) is the one with i = 0, whence
gV (m) =1g’Q7(n + h)f D (na + r/ig + h/Q) + O(g’Q' /Ny,

The part of the sum on the right hand side of (4.10) corresponding to (n, k)’s such
that p (na + 1/g, F) < eg is < (1/H)Ngeo( H/q) = Neo. Denote by 2, , summation
over the remaining (7, k)’s. For such pairs we have e, < | g/ (m)qg VQ'N~¥l| <« 1.
Let u = 1 be the smallest integer with /(g/Q)?**N? < ¢Z*""¢¢. Applying Lemma 4.1
with j = d + u we get

1
EE:,,( Izme(g(m))l < (Ng/H) [(H/q))\}/(f*z) + (H/g)'-V

+ (H/g)(\;H%/g?) V)

KNIV + (q/H)™ + (\HYg?) 2,
where we note that ¢; < \;/(/g’N?Q ) < 1. From this we easily conclude that

1

7 2k 2 e(g(m))

m

< NE(),

whence S <« Neg.
Finally, we need to consider the subcase Ney € Q <« ¢N/¢,. From (4.9) it fol-

lows that
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gur(m) = Ilg' Y1, (j Jlr S) ——(dd g O+ TIQIRSUT R (e 1)
+ 0W(q/QY NUL + (Q/N)eze4)

= ld! (q/Q)f“Nd[Zé’:o (7 S) T (O )

+ Oere4(1 + (Q/N)d))]~

Since Q/N > ¢y, we can use Lemma 4.5 with ¢ = § = ¢, to get that the number
of (r,n)’s satisfying

<a(e)e?(1+ (Q/N)¥) /6471,

lZ, 0(/4.-3) (dii)! (Q/n)f V47D (na + 1/g)
s=0,1
is « Ngcy + N < Nge,. For the remaining (r,n)’s, either
g (m)] > e 3e,INY(q/Q)
or
g+ D (m)| > eg%INY(q/Q) ™.

Also, for any rand n, | g (m)| < IN%(q/Q) (1 + (Q/N)?) < ¢j and | g+ (m)| <«
€dq/Q. Applying Lemma 4.1 with j =d + u or j = d + u + 1, we obtain by (4.10)
that

1
S « Neo + 73 [NgeoH/q

+ Ngmax{(H/q)ed’V™2 + 1 + (H/g)' =/
+ (H/q)(ed%:IN(q/Q) H*/g*) ™,
(H/q)(eq/Q)* =2 + 1 + (H/g)' ™"

+ (H/Q)(GO €2 Nd(q/Q)j+iH2/q2)—1/J}]
< Néo.

This completes the proof.

Proor or THEOREM 4.2. Using a well-known result of Erdés-Turan (cf. [2,
Th. 2.1]), we get for any positive integer L
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e(lP(n)f(na)) l

Lol

L3
L+1 N
Taking L = [1/e(N)] we obtain
L 1 loga L

D(N) < e(N)logL + 1 Z >,

= i=1

> e(P(n)f(na))|.

N/2i<n=<2N/2¢

One can check that the proof of Theorem 4.1 goes through if we take / depend-
ing on N and ¢, = ¢ (N), as long as the inequalities (i) and (ii) in that proof are
satisfied. Now it is readily verified that conditions (1) and (2) in our theorem ac-
tually imply those inequalities. Hence

0

N

D(N) < e(N)log?e(N) + Ne(N) < e(N)log?e(N).

—~ ] —

ZI
||M

This proves the theorem.

REMARK 4.2. In the course of the proof of Theorem 4.1 no attempt has been
made to choose €,¢,, ... in an optimal way. To the contrary, we have been quite
generous with our choices, and one can obviously improve the result of Theo-
rem 4.2 by just being more economical. Also, employing, instead of the van der
Corput method, the Bombieri-Iwanie¢ method for “small” d and the Vinogradov
method for “large” d, one can further sharpen the discrepancy estimate.

Exampie 4.1. Let f(x) = e"VI*V’ for x ¢ Z and f(x) = 0 otherwise, 6 > 0
arbitrary. If « is an irrational such that 5(N) > N7 for some n > 0 (note that a
sufficient condition for this is that |« — p/g| > ¢~"/", namely that « is not a Liou-
ville number), then D(N) < log?log N/ (log N)"%, where the implied constant de-
pends on 6,7 and P only. In fact, one routinely verifies that a(y) > e ~'*" and,
taking e (N) = C(log N)~7 with a sufficiently large C, all the conditions of The-
orem 4.2 are satisfied and we get the above bound for D(N). Moreover, by ex-
amining the proof of Theorem 4.2, one can see that in this case D(N) <
log log N/ (log N)%, since 31%82% (N/27)(log(N/2))""¢ « N(log N)~'/°. This
result is actually pretty sharp. Indeed, if for some 1 < n < N we have |na| <
1/((d + Dlog N)°, then 0 < née V1"’ < 1/N, whence the number of solutions
n € [1,N] of |P(n)e~"1"V"| < 1/N is > N/(log N)""?, which gives D(N) >
1/(log N)'?.

ExaMpLE 4.2. Let P(x) = x. Suppose that T=1, f€ C* and f’ and f” have
only finitely many zeros, each of which is simple. Let « be an irrational such that
b(N) > N3%¢ In other words, for every sufficiently large M there exists a pos-
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itive integer ¢ such that o = p/g + 6/gM with |8] < 1, M'™¢ « g < M (note that
this includes all badly approximable numbers and also all o’s for which (Q)*)¢.,
is a convergent sequence, where Q, is the denominator of the k-th convergent of
a; the latter family contains a.e. real number). Obviously, a(y) > y. Applying
Theorem 4.2 with e (N) ~ N~"2 we get D(N) <« N~V280+¢_[f instead of using
Theorem 4.2 directly, we just employ the method utilized there with a more care-
ful choice of parameters, we obtain D(N) « log N/N!!, Moreover, the con-
dition on « can be relaxed to b(N) > N2, For simplicity, we shall prove it
for o = p/q + 0/gN"" = p/g + 1/Q with Q « N¥*/?? and N¥"! « g <« N,
(The other case can be dealt with using Lemma 4.2 in exactly the same way as in
Case I in the proof of Theorem 4.1.) As in Theorem 4.2 we write

1 1 &

1
DIN) —~+ =2, -
() L NZ}I

<<1+12 >,

1
2 elinf(no)) LtN&72

n

2 e(g(m)) ’

where g(m) = Inf(r/q + n/Q). Here
g” (m) =1((3¢°/Q*) f" (r/q) + O(Ng*/Q?)).

The number of r’s with p(r/g,F) < N~ is « gN V!, while for the other r’s we
have g” (m) ~ [(q3/Q*) f" (r/q). Using Lemma 4.1 we obtain

1
D(N)« 7 + N~

+ iNZle % S ((N/g) V(g /Q%) + 1 + (N/Q)¥*

+ VO2N/ g f" (r/q)))

1 6
<Nt -+ NLg/Q + Vg/Nlog N + YO¥/N?

<« N~ "jogN + 7\/Q3/q2
< log N/NWL,
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